
 

 

𝑃1 𝑥1, 𝑦1, 𝑧1  𝑃2 𝑥2, 𝑦2, 𝑧2

𝑃1𝑃2 √𝑎2 + 𝑏2 + 𝑐2 √(𝑥1 − 𝑥2)
2 + (𝑦1 − 𝑦2)

2 + (𝑧1 − 𝑧2)
2

√𝑥2 + 𝑦2 + 𝑧2

 

𝐴𝐵⃗⃗⃗⃗  ⃗ α 𝐴𝐵⃗⃗⃗⃗  ⃗ 𝐴𝐵⃗⃗⃗⃗  ⃗ α

α

α β α β

α β α

β α//β



 

α β 𝑂𝐴⃗⃗ ⃗⃗  ⃗ α 𝑂𝐵⃗⃗ ⃗⃗  ⃗ β

𝑂𝐴⃗⃗ ⃗⃗  ⃗  𝑂𝐵⃗⃗ ⃗⃗  ⃗ γ 𝑂𝐶⃗⃗⃗⃗  ⃗ α β

α β γ 𝑂𝐴⃗⃗ ⃗⃗  ⃗ 𝑂𝐵⃗⃗ ⃗⃗  ⃗ 𝑂𝐶⃗⃗⃗⃗  ⃗

α β β α β

β 𝐴𝐶⃗⃗⃗⃗  ⃗ α β 𝑂𝐴⃗⃗ ⃗⃗  ⃗ 𝐴𝐶⃗⃗⃗⃗  ⃗ 𝑂𝐶⃗⃗⃗⃗  ⃗

α α α

α β γ α β + γ γ α β α β γ

𝑂𝐴⃗⃗ ⃗⃗  ⃗ α 𝑂𝐵⃗⃗ ⃗⃗  ⃗ β 𝑂𝐴⃗⃗ ⃗⃗  ⃗ 𝑂𝐵⃗⃗ ⃗⃗  ⃗ 𝐵𝐴⃗⃗⃗⃗  ⃗ α β 𝐵𝐴⃗⃗⃗⃗  ⃗

α β β α α β

α β β α α β  γ α β γ

 

λ α λ α λα λα λ ∙ α

λ α λα λ α λα

λ μα μ λα λμ α λ μ

λ μ α λα μα λ α β λα λβ

α ≠ β α λ β λα

α α α α ≠ α0
1

|α|
α α

 

α β α, β̂ π α β

𝐴𝐵⃗⃗⃗⃗  ⃗ 𝐴′  𝐵′ 𝑢𝐴

𝑢𝐵 𝐴′  𝐵′ 𝐴′𝐵′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  𝐴𝐵⃗⃗⃗⃗  ⃗ 𝑃𝑟𝑗𝑢𝐴𝐵⃗⃗⃗⃗  ⃗ 𝑢𝐵

𝑢𝐴 𝐴𝐵⃗⃗⃗⃗  ⃗



α 𝑃𝑟𝑗𝑢α α cosφ φ α

𝑃𝑟𝑗𝑢(α + β) 𝑃𝑟𝑗𝑢α 𝑃𝑟𝑗𝑢β 𝑃𝑟𝑗𝑢(α − β) 𝑃𝑟𝑗𝑢α 𝑃𝑟𝑗𝑢β

λ 𝑃𝑟𝑗𝑢(λα)  λ𝑃𝑟𝑗𝑢α

 

𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  𝑃𝑟𝑗𝑥𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  𝑃𝑟𝑗𝑦𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  

𝑃𝑟𝑗𝑧𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  𝑂𝐴⃗⃗ ⃗⃗  ⃗ 𝑂𝐵⃗⃗ ⃗⃗  ⃗

𝑂𝐶⃗⃗⃗⃗  ⃗ 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗   𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  𝑂𝐴⃗⃗ ⃗⃗  ⃗ + 𝑂𝐵⃗⃗ ⃗⃗  ⃗ 𝑂𝐶⃗⃗⃗⃗  ⃗ 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  

α a1 a2 a3 β b1 b2 b3 λ

 α β a1 + b1 a2 + b2 a3 + b3 α β a1 − b1 a2 − b2 a3 − b3

 λα λa1 λa2 λa3 α −a1 −a2 − a3

α β γ 𝑐𝑜𝑠α 𝑐𝑜𝑠β 𝑐𝑜𝑠γ

 

α β α ∙ β α ∙ |β| cosφ φ α β

α ∙ β α ∙ 𝑃𝑟𝑗αβ β ∙ 𝑃𝑟𝑗βα α ∙ α α ∙ |α|cos0 |α|2

α ∙ β β ∙ α λ α ∙ β λα ∙ β α ∙ λβ λ

α β ∙ γ α ∙ γ β ∙ γ

α β α ∙ β

α a1 a2 a3 β b1 b2 b3 α ∙ β a1b1 a2b2 a3b3

cosφ (α ∙ β) α ∙ |β|) a1b1 a2b2 a3b3)/(√a12 + a22 + a32 ∙ √b1
2 + b2

2 + b3
2



 

α β γ

γ γ α ∙ |β| φ φ α β

γ α β γ α β

α × β = − β × α λ α × β λα × β α × λβ

∙ γ × α β γ × α γ × β α β × γ α × γ β × γ

α β α × β =

α × β = |
a2 a3
b2 b3

| − |
a1 a3
b1 b3

| |
a1 a2
b1 b2

| |

𝑖        𝑗        𝑘
a1     a2        a3
b1     b2      b3

|

 

√(𝑥 − 𝑥0)2 + (𝑦 − 𝑦0)2 + (𝑧 − 𝑧0)2

Ω𝐹 Ω𝐺

Ω𝐹 Ω𝐺

Ω𝐹 ⊂ Ω𝐺

𝑃′

𝑧2 𝑎2 𝑥2 + 𝑦2



 

 𝑆1  𝑆2

{
F (x y z) = 0

 G x y z = 0
}

 {
𝑥 = 𝑥(𝑡)
𝑦 = 𝑦(𝑡)
𝑧 = 𝑧(𝑡)

}

 

 

 

𝑃0 𝑥0 𝑦0 𝑧0 π 𝑃0P⃗⃗ ⃗⃗ ⃗⃗  

∙ 𝑃0P⃗⃗ ⃗⃗ ⃗⃗  𝑥0 𝑦0 𝑧0

π π

 

𝑥

𝑎
+
𝑦

𝑏
+
𝑧

𝑐
π π

π



 

π1 A1 B1 C1 D1 π2 A2 B2 C2 D2 n1 A1 B1 C1

n2 A2 B2 C2 θ θ
n1∙n2

|n1|∙|n2|

|A1A2+B1B2+C1C2|

√A1
2+B1

2+C1
2∙√A2

2+B2
2+C2

2
π1

π2 A1A2 + B1B2 + C1C2  π1 π2
A1

A2

B1

B2
=

C1

C2

 

 

𝑥2

𝑎2
+
𝑦2

𝑏2
+
𝑧2

𝑐2

𝑥2 𝑦2 𝑧2 𝑎2

𝑥2+𝑦2

𝑎2
+
𝑧2

𝑐2
𝑦2

𝑎2
+
𝑧2

𝑐2

 

𝑥2

𝑎2
+
𝑦2

𝑏2

z =
𝑥2+𝑦2

𝑎2
𝑦2

𝑎2

 

z2
𝑥2

𝑎2
+
𝑦2

𝑏2

𝑧2 𝑥2 𝑦2



𝑧2 𝑥2 𝑦2

 

𝑥2

𝑎2
+
𝑦2

𝑏2
−
𝑧2

𝑐2

𝑥2 𝑦2 𝑧2

 

𝑥2

𝑎2
+
𝑦2

𝑏2
+
𝑧2

𝑐2

𝑧2 𝑥2 𝑦2



 

𝑃0 𝑥0, 𝑦0 √(𝑥 − 𝑥0)
2 + (𝑦 − 𝑦0)

2 δ

δ 𝑃0 δ 𝑈δ(𝑃0) 𝑃0 δ 𝑈δ(𝑃0)  𝑃0 𝑃0

𝑈δ
0(𝑃0) 𝑈δ(𝑃0) 𝑃0

 

𝐷𝑓    𝑧0 𝑥0, 𝑦0

𝑅𝑓

 

 

𝐷𝑓 ∩ 𝐷𝑔  ≠ ∅

𝐷𝐹 = 𝐷𝑓 ∩ 𝐷𝑔

𝐷𝐹 = 𝐷𝑓 ∩ 𝐷𝑔

∙ 𝐷𝐹 = 𝐷𝑓 ∩ 𝐷𝑔

f x y

g x y
𝐷𝐹 = 𝐷𝑓 ∩ 𝐷𝑔



 

 

 

𝑃0 𝑥0, 𝑦0 U0(𝑃0) 𝑃0

𝑃0

lim
x 𝑥0 → y 𝑦0

𝑓 x y = 𝐴

𝑃0 𝑥0, 𝑦0

𝑃0 𝑥0, 𝑦0

 

𝑃0 𝑥0, 𝑦0 lim
x 𝑥0 → y 𝑦0

𝑓 x y = 𝑓 𝑥0, 𝑦0

𝑃0 𝑥0, 𝑦0

≤ ≤ 𝑥 𝑦 ∈ 𝑥 𝑦



 

𝑥0, 𝑦0 𝑦0 𝑥 , 𝑦0

𝑥0 △ x △ F 𝑥0 △ x 𝑥0 𝑥0 +△ x 𝑦0 𝑥0, 𝑦0

lim
△x→0

△F

△x
lim
△x→0

 f 𝑥0+△x 𝑦0 −f 𝑥0,𝑦0

△x
𝑥0, 𝑦0

𝜕𝑧

𝜕𝑥
𝑥0, 𝑦0

 

𝜕𝑧

𝜕𝑥
𝑓𝑥

𝜕𝑧

𝜕𝑥
𝑓𝑦

 

√△ x2 +△ y2 → 0

𝑓𝑥 𝑓𝑦

 

φ Ψ

φ  Ψ
𝑑𝑧

𝑑𝑥

𝜕𝑧

𝜕𝑢
∙
𝑑𝑢

𝑑𝑥

𝜕𝑧

𝜕𝑢
∙
𝑑𝑢

𝑑𝑥
 

𝑑𝑧

𝑑𝑥



φ Ψ

φ  Ψ
𝜕𝑧

𝜕𝑥

𝜕𝑧

𝜕𝑢
∙
𝜕𝑢

𝜕𝑥
+
𝜕𝑧

𝜕𝑣
∙
𝜕𝑣

𝜕𝑥

𝜕𝑧

𝜕𝑦
=

𝜕𝑧

𝜕𝑢
∙
𝜕𝑢

𝜕𝑦
+
𝜕𝑧

𝜕𝑣
∙
𝜕𝑣

𝜕𝑦

φ φ

𝜕𝑧

𝜕𝑥

𝑑𝑧

𝑑𝑢
∙
𝜕𝑢

𝜕𝑥

𝜕𝑧

𝜕𝑦
=

𝑑𝑧

𝑑𝑢
∙
𝜕𝑢

𝜕𝑦

 

𝑥0, 𝑦0

𝐹𝑦 𝑥0, 𝑦0 ≠ 𝑥0, 𝑦0 𝑥0, 𝑦0

𝑦0 𝑥0
𝑑𝑦

𝑑𝑥

𝐹𝑥

𝐹𝑦

𝑥0, 𝑦0 𝑧0 𝐹𝑦 𝑥0, 𝑦0 𝑧0 ≠ 𝑥0, 𝑦0

𝑧0 𝑥0, 𝑦0 𝑧0

𝑧0 𝑥0 𝑦0
𝜕𝑧

𝜕𝑥

𝐹𝑥

𝐹𝑧

𝜕𝑧

𝜕𝑦
=

𝐹𝑦

𝐹𝑧

 

𝑃0 𝑥0 𝑦0 ⊂

 𝑃0 𝑥0 𝑦0 𝑥0 𝑦0

𝑃0 𝑥0 𝑦0

 𝑃0 𝑥0 𝑦0 𝑥0 𝑦0

𝑃0 𝑥0 𝑦0



𝑃0 𝑥0 𝑦0

𝑓𝑥 𝑥0, 𝑦0 𝑓𝑦 𝑥0, 𝑦0

𝑓𝑥 𝑥, y 𝑓𝑦 x, y

𝑥0 𝑦0

𝑓𝑥𝑥 𝑥0, 𝑦0 𝑓𝑥𝑦 𝑥0, 𝑦0 𝑓𝑦𝑦 𝑥0, 𝑦0 𝐵2 𝑥0, 𝑦0

𝑥0 𝑦0 𝑥0 𝑦0

𝑥0, 𝑦0

𝑥0, 𝑦0

φ φ𝑥

φ𝑦 λφ λ

{
 
 

 
 
𝜕𝐿

𝜕𝑥
= 𝑓𝑥(𝑥, y) + λφ𝑥(x y) = 0

𝜕𝐿

𝜕𝑦
= 𝑓𝑦(𝑥, y) + λφ𝑦(x y) = 0

φ(x, y) = 0 }
 
 

 
 

φ 𝑥0, 𝑦0 λ0 𝑥0 𝑦0

 

𝑃0 𝑃0 𝑃0𝑃 𝑃0

𝑃0 𝑃0𝑃 𝑃0 𝑃0 𝑃0

π 𝑃0

𝑥′ 𝑡0 𝑥0  𝑦′ 𝑡0 𝑦0  𝑧′ 𝑡0 𝑧0 𝑥′ 𝑡0 𝑦′ 𝑡0 𝑧′ 𝑡0 𝑃0



 

𝜕𝑧

𝜕𝑙
=

𝜕𝑧

𝜕𝑥
𝑐𝑜𝑠𝛼 +

𝜕𝑧

𝜕𝑦
𝑐𝑜𝑠𝛽 𝛼 𝛽

𝑥0, 𝑦0 𝑓𝑥(𝑥0, 𝑦0) 𝑓𝑦(𝑥0, 𝑦0)𝑗 𝑓𝑥(𝑥0, 𝑦0) 𝑓𝑦(𝑥0, 𝑦0)


